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Closed-loop system
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Closed-loop system

b f7
@’ Tt41 = h(l’tyut,’Ut)

Ty . states
us :  control input

V¢ 1 Process noise

Controller

up = () 7 : feedback controller

Linearized model Ty 1 = ATy + BTy + vy
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Linearized model

Quadratic cost

Closed-loop system

o o
[

Al

Controller

U — 7T(let)

flvft_|_1 = A.fft -+ Bfét —+ VUt

J = lim —IE Z TQ:ct—l—u;rRut

T—so0o 1’
t=0

Lt4+1 = h(ﬂ?t, Ut , Ut)

Ty . states
us :  control input
V¢ 1 Process noise

7 : feedback controller
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Closed-loop system

b f7
@’ Tt41 = h(wtyut,’Ut)

Ty . states
us :  control input

V¢ 1 Process noise

Controller
uy = () 7w : feedback controller
Linearized model Ty 1 = ATy + BTy + vy
Quadratic cost J = lim —E Z T Q% + ) Rily
T—so0o 1’ —o

Which controller u; = m(x¢) minimizes J ?
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Closed-loop system

4

LQR Controller

CIR l“

=0

Ut — FCBt
Linearized model Ty 1 = ATy + BTy + vy
Quadratic cost J = Tlgnoo — E Z T Q%+, Ri
ﬁ : : : Uy =
it J) waslinear (A, B) LQR is optimal {1

Lt4+1 = h(ﬂft, Ut , Ut)

states
control input
process noise

feedback gain

= lqr(4, B,Q, R)
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Closed-loop system

b f7
@’ Tt41 = h(l’tyut,’Ut)

Ty . states
us :  control input

V¢ 1 Process noise

LQR Controller

u = F'(0)xy F(0): feedback gain
0 : parameters

Linearized model Ty 1 = ATy + BTy + vy
Quadratic cost J = lim — E Z T Q% + ) Rily
T—oo T’ —o
ah
\O is non-linear LQR is suboptimal Parametrize F(0)

A
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Experiment running ...
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Manual controller tuning
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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LQR Controller
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Human effort

* Miss interesting regions
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011

~ ~ T
{xta ut}t:O Cost J(e)
J:RM - R

Human effort

* Miss interesting regions

* 0 e RM, with M large

*Wait for experiments
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Experiment running ...
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Experiment running ...
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Experiment running ...

lteration 1 j]l‘)
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...
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Experiment running ...

lteration 1 j]l‘)
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Experimental cost function
captured by Gaussian process

[ oneA 1800)
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. Global search
Iteration 12

Cost value .J
o (e} — [\&] w = Ot

Berkenkamp, F, et al., ICRA 2017
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. Global search
Iteration 15

Cost value .J

Trial 2 )

Antonova, R., et et al., ICRA 2016

GP unaware of controller structure
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. Global search
Iteration 15

Cost value .J

Trial 2 )

Antonova, R., et GP unaware of controller structure et al., ICRA 2016

Incorporate controller structure in GP

- éo s P
F e, - s " = %0p, 02 -
= " ."01/9, T o
~ — Ga,"‘o-“ ik
= il = y 4 )
Rt
="

Berkenkamp, F, et al., ICRA 2017
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*Gaussian process: mean and kernel
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J(0) ~ GP(u(0),k(0,0")) k(6,0") = Cov [J(0), J(0")]

Gaussian process

= \]ean
® Data
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Xkernel encodes the type of functions we expect

Smooth functions

Gaussian process

= \]ean
27 ® Data
Uncertainty
1 - e
D .-
g
-1 -
2-
0 1 2 3 4 5
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Xkernel encodes the type of functions we expect

Sharp functions

Gaussian process

® Data
Uncertainty
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Xkernel encodes the type of functions we expect

Rapidly-changing functions

Gaussian process

® Data
Uncertainty
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Which kernel describes my data better?

Gaussian process

m— \lean
® Data
Uncertainty
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Which kernel describes my data better?

&5
Controller > g\@ » Data

Al

Gaussian process

m— \lean
® Data
Uncertainty
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Which kernel describes my data better?

&5
Controller > g\@ » Data

Al
. B

Controller structure into kernel %(6,0")

_ J

Gaussian process

e \ean
® Data
Uncertainty
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Which kernel describes my data better?

LOR s f

~

O/ D
Controller g gg@g - Data
LQR kernel

/

Gaussian process

m— |\/lean
® Data
Uncertai

nty
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Goal
*Incorporate LQR controller structure into kernel

Consider
v'Scalar linear system
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Goal
*Incorporate LQR controller structure into kernel

Consider
v'Scalar linear system

Steps

*Parametric LOR kernel
*Non-parametric LOR kernel
*Simulation results
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Parametric LOR kernel

A

Consider a scalar LTIl system (a,b)

Lt+1 = &wt -+ [;U,t + Vg, Vg ~ N(O, U)

Model available (a,b)
Ty = axy + bug + vy, v ~ N(0,0)

Quadratic cost function

J = lim —E{qut —I—Tut}

T—o00 '

51

State feedback controller

= fuy
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Parametric LOR kernel

Deterministic cost function

q+rf?
L —(a+0f)?

J(f) =

10

—-1.6 —-1.4 —-1.2 —-1.0

o2

—0.8 —0.6 -0.4 —0.2
f
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Parametric LOR kernel

Deterministic cost function

q+rf?
"1 (a+bf)?

J(f) = =: @(a,0)(f)

Stochastic cost function

JLQr(f) = w o (f), w~N(0,05)

10

—-1.6 —-1.4 —-1.2 —-1.0

—0.8 —0.6 -0.4 —0.2
f
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Parametric LOR kernel

Deterministic cost function Stochastic cost function
q+rf? 2
J(f) = T (at bf)E D(a,p) (f) JLQr(f) = wdap (f), w~N(0,0,)

Expected value E[JrLqr(f)] =0

Covariance Cov [JLqr(f), Jqr(f')] = E [Juqr(f)Juar(f')]
=E [w?] (a5 (/) Pap (f)
— U?uﬁb(a,B) (f)¢(a,5) (f)
= kLqr(f, f')

Parametric boron(f. f) = o2 vf(q + rf?)(q + z“f’z_)

LOR kernel “1-(a+bf)?)1 - (a+0bf")?)

Alonso Marco | Max Planck Institute for Intelligent Systems



Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel

—-1.4

T
—1.2

—1.0

—0.8

—0.6

—-0.4 —0.2 0.0

Parametric LOR kernel

a=0.9 b=1

—-14

T
—1.2

—1.0

—0.8

—0.6

—-0.4 —0.2 0.0
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Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel
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Parametric LOR kernel

s a=20.9, b=1

—1.6

—-14

T
—1.2

—1.0

—0.8 —0.6 —-0.4 —0.2 0.0

Alonso Marco | Max Planck Institute for Intelligent Systems



Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel

—1.6

—-1.4

T
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—1.0

—0.8 —0.6 —-0.4 —0.2 0.0

Parametric LOR kernel

s a=20.9, b=1

—1.6

—-14

T
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Parametric LOR kernel True system 41 = 0.92¢ + up + ve, v ~ N(0,1)

Standard kernel

—1.6 —-1.4 —1.2 —1.0 —0.8 —0.6 —-0.4 —0.2 0.0

Parametric LOR kernel
S a=20.9, b=1

—1.6 —-14 —1.2 —1.0 —0.8 —0.6 —-0.4 —0.2 0.0
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Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel

—1.6

—-1.4

T
—1.2

—1.0

—0.8 —0.6 —-0.4 —0.2 0.0

Parametric LOR kernel

A a=09 b=1

—1.6

—-14

T
—1.2

—1.0

—0.8 —0.6 —-0.4 —0.2 0.0

0
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Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel

—-1.4

T
—1.2

—1.0

—0.8

—0.6

—-0.4 —0.2 0.0

Parametric LOR kernel

a=038,b=09

~10% OFF!

—-14

T
—1.2

—1.0

—0.8

—0.6
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Parametric LOR kernel True system 41 = 0.92¢ + up + ve, v ~ N(0,1)

Standard kernel

—1.6 —-1.4 —1.2 —1.0 —0.8 —0.6 —-0.4 —0.2 0.0

Parametric LOR kernel
=08, b=0.9
~109% OFF!

—1.6 —-14 —1.2 —1.0 —0.8 —0.6 —-0.4 —0.2 0.0
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Parametric LOR kernel True system 41 = 0.92¢ + up + ve, v ~ N(0,1)

Standard kernel
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Parametric LOR kernel True system 41 = 0.92¢ + up + ve, v ~ N(0,1)

Standard kernel

—1.6 —-1.4 —1.2 —1.0 —0.8 —0.6 —-0.4 —0.2 0.0
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Parametric LOR kernel

True system  x¢11 = 0.92¢ + ur + v¢, vy ~ N(0,1)

Standard kernel

—1.6
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Goal
*Incorporate LQR controller structure into kernel

Consider
v'Scalar linear system

Steps

v Parametric LOR kernel
*Non-parametric LQR kernel
*Simulated results
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Non-parametric LQR kernel

A

Consider a scalar LTIl system (a,b)

Lt+1 = &wt -+ [;U,t + Vg, Vg ~ N(O, U)

Stochastic cost: one feature

JLQR(f) — w¢(a,b)(f)a w ~ N(O,ai))

Uncertain model (a,b)
Ty = axy + bug + vy, vy ~ N(0,0)

a < [amina amax]a b e [bmina bmax]

10

-1.6 -1.4 -1.2 —-1.0

66

—0.8 —0.6 —-0.4 —0.2
f

Alonso Marco | Max Planck Institute for Intelligent Systems



Non-parametric LQR kernel

Consider a scalar LTI system (&, b) Uncertain model (a,b)
Tyl = Xy + bu; + ve, vy ~ N(0,v) Tiy1 = azy + bug + v, v ~ N(0,0)
a € [amina amax]a b ~ [bmiIU bmax]

Stochastic cost: m features

JLQR(F) = [0a1 50) () Blanba) (f) =+ Blan, o) ()] w =S (Hw, w e R™ w ~ N(0,L,)

\ 4

=87 (f)

10

—-1.6 -1.4 -1.2 -1.0 —0.8 —0.6 -0.4 —0.2
f
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Non-parametric LQR kernel

Consider a scalar LTI system (&, b) Uncertain model (a,b)
Tyl = Xy + bu; + ve, vy ~ N(0,v) Tiy1 = azy + bug + v, v ~ N(0,0)
a € [amina amax]a b ~ [bmirU bmax]

Stochastic cost: m features

JLQR(F) = [0a1 50) () Blanba) (f) =+ Blan, o) ()] w =S (Hw, w e R™ w ~ N(0,L,)

\ 4

=87 (f)

Parametric LOR kernel with m features

korar,m (f, ') = () Zw (f')
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Non-parametric LQR kernel

Consider a scalar LTI system (&, b) Uncertain model (a,b)
Tyl = Xy + bu; + ve, vy ~ N(0,v) Tiy1 = azy + bug + v, v ~ N(0,0)
a € [amina amax]a b ~ [bmirU bmax]

Stochastic cost: m features

JLQR(F) = [0a1 50) () Blanba) (f) =+ Blan, o) ()] w =S (Hw, w e R™ w ~ N(0,L,)

\ 4

=87 (f)
Parametric LOR kernel with m features .
Kernel trick
kpLarm (f, 1) = @H(f) B (f') S =021, 0y < 1/m

Use as many features as possible: m — oo

knLQR(fa f/)

. bmax fOmax
Non-parametric 2/

. /
Tr}gnoo kaQR,m(fa f )
p— O‘n

a a ! dadb
LOR kernel b S P 7b)(f)¢( ,b)(f)
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Non-parametric LQOR kernel Uncertainty ranges a € [0.8,1.0], b € [0.9,1.1]

>

b) = (0.9,1.0)

Q>

(

-1.64 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0

(4,b) = (0.8,0.9)

0 ‘ ‘ T ' T T l T T ' T ' 1 ' T r I
-1.64 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
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Goal
*Incorporate LQR controller structure into kernel

Consider
v'Scalar linear system

Steps

v Parametric LQOR kernel

v Non-parametric LQOR kernel
*Simulated results
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Simulations

LQR kernel fitting performance: 1000 simulations, 2 evaluations

Kernel RMSE

Squared exponential 2.49
Parametric LOR kernel 1.02
Parametric LOR kernel - infer (a,b) 1.09
Non-parametric LQR kernel 1.22

Bayesian optimization: 100 runs, 2 evaluations

Kernel Regret
Squared exponential 1.34
Parametric LOR kernel 0.30
Parametric LOR kernel - infer (a,b) 0.32
Non-parametric LQR kernel 0.35
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Combined kernel

Non-linear system

Ti4+1 = h(ﬂfta U, Ut)

Uncertain model (a,b)
Ty = axy + bug + vy, vy ~ N(0,0)

a < [amina amax]a b e [bmina bmax]

J(f) = Juqr(f) + Ja(f)

Error term

J(f) ~GP(0, kLor(f) + kse(f))
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Goal

v'Incorporate LQOR controller structure into kernel

Consider
v'Scalar linear system

Steps

v Parametric LQOR kernel

v Non-parametric LQOR kernel
v Simulated results

Conclusions

v Parametric LQR kernel

v Non-parametric LOR kernel

v Sample efticiency for LQR problems
v Non-linear systems
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Goal

v'Incorporate LQOR controller structure into kernel

Consider
v'Scalar linear system

Steps

v Parametric LQOR kernel

v Non-parametric LQOR kernel
v Simulated results

Conclusions

v Parametric LQR kernel

v Non-parametric LOR kernel

v Sample efticiency for LQR problems
v Non-linear systems

Future work
*Extensions to vector systems
*Real system experiments
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Thank you for your attention
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Backup slides

Alonso Marco | Max Planck Institute for Intelligent Systems



*Gaussian process: mean and kernel
J(0) ~ GP(u(8), k(0,0"))
Xkernel defines correlation
k(0,0") = Cov (J(0),J(0"))

Gaussian process

® Data

Uncertainty

//‘\\
@ 04— ~— \\
o Z -
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*Gaussian process: mean and kernel
J(0) ~ GP(u(8), k(0,0"))
Xkernel defines correlation
k(0,0") = Cov (J(0),J(0"))

Gaussian process

m= Mean
25 ¢ ® Data
Uncertainty
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Gaussian process
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Uncertainty
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Gaussian process

® Data

Uncertainty
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Gaussian process
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_ - Uncertainty
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Gaussian process

5 m= \ean
@® Data
Uncertainty
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Gaussian process

® Data

Uncertainty
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Gaussian process

® Data

—— Uncertainty
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