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Motivation

?

Corner cases 
Unexpected events

Detect out-of-distribution (OoD) scenarios using probabilistic state predictions 
Well calibrated uncertainties via informed priors

Goals

Simulation
Real world
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Idea

<latexit sha1_base64="+YGBmcAu9UXC3awzdWVk5fjJKYs="></latexit>xt+H

<latexit sha1_base64="LjQD6cL9RnCK9DD1QlkfR62n6EQ="></latexit>

Model predictions

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1
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Idea

<latexit sha1_base64="SagTekv4Vts68ftJj6YiFMEBUzo="></latexit>yt+H

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1
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Idea

<latexit sha1_base64="SagTekv4Vts68ftJj6YiFMEBUzo="></latexit>yt+H

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1
<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations
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Idea

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations

<latexit sha1_base64="+YGBmcAu9UXC3awzdWVk5fjJKYs="></latexit>xt+H

<latexit sha1_base64="LjQD6cL9RnCK9DD1QlkfR62n6EQ="></latexit>

Model predictions

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="SagTekv4Vts68ftJj6YiFMEBUzo="></latexit>yt+H

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1
<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1

<latexit sha1_base64="VEaNR08H46yJUMtj5iH9lPBRXjs="></latexit>

LOoD(·) <latexit sha1_base64="9dm7aKpIdQYMRW0h6oPY5luVQr4="></latexit>�<latexit sha1_base64="3s80qyHSYdJZIMV954RGH72SFFc="></latexit>=
<latexit sha1_base64="VEaNR08H46yJUMtj5iH9lPBRXjs="></latexit>

LOoD(·)
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Idea

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations

<latexit sha1_base64="+YGBmcAu9UXC3awzdWVk5fjJKYs="></latexit>xt+H

<latexit sha1_base64="LjQD6cL9RnCK9DD1QlkfR62n6EQ="></latexit>

Model predictions

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="SagTekv4Vts68ftJj6YiFMEBUzo="></latexit>yt+H

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1

<latexit sha1_base64="C+07pPkaLkQ61rPvcHroei59cQ0="></latexit>yt

<latexit sha1_base64="BxtlMIQfz5a3rxP8gIMu8lmxb58="></latexit>

Observations

<latexit sha1_base64="SagTekv4Vts68ftJj6YiFMEBUzo="></latexit>yt+H

<latexit sha1_base64="kDgYT4QDYF6s2ffB2fCM8fbBJBg="></latexit>ut, . . . , ut+H�1

<latexit sha1_base64="lAXEOAFdIq3Gcmc1IALdWUjZCC4="></latexit>

in distribution

<latexit sha1_base64="2KTbV9jhFdxbamBUJC3LmV9352w="></latexit>

out of
distribution

<latexit sha1_base64="VEaNR08H46yJUMtj5iH9lPBRXjs="></latexit>

LOoD(·)

<latexit sha1_base64="VEaNR08H46yJUMtj5iH9lPBRXjs="></latexit>

LOoD(·)
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<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

Probabilistic approach to OoD
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<latexit sha1_base64="k9B/5ALfLcTmJ8Nxp2uFkSZ32L4="></latexit>

Prior over future states

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

<latexit sha1_base64="eLMfWeAjc9qF/2Tjmh+IeQcdYgg="></latexit>

p(xt+1:H |xt, ut:H)
Aleatoric uncertainty 

Epistemic uncertainty

Probabilistic approach to OoD
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<latexit sha1_base64="k9B/5ALfLcTmJ8Nxp2uFkSZ32L4="></latexit>

Prior over future states

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="eLMfWeAjc9qF/2Tjmh+IeQcdYgg="></latexit>

p(xt+1:H |xt, ut:H)

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

Aleatoric uncertainty 

Epistemic uncertainty

Probabilistic approach to OoD
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<latexit sha1_base64="k9B/5ALfLcTmJ8Nxp2uFkSZ32L4="></latexit>

Prior over future states

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="KIOmM4vXB2kdSL7cStVYXm9mKzU="></latexit>

Posterior over past states
<latexit sha1_base64="eLMfWeAjc9qF/2Tjmh+IeQcdYgg="></latexit>

p(xt+1:H |xt, ut:H)

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt
<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

<latexit sha1_base64="YN1eRR5Fx+mIdDhlnZDxWTiRr3k="></latexit>

p(xt+1:H |xt, ut:H , yt:H)

Probabilistic approach to OoD
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<latexit sha1_base64="k9B/5ALfLcTmJ8Nxp2uFkSZ32L4="></latexit>

Prior over future states

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="KIOmM4vXB2kdSL7cStVYXm9mKzU="></latexit>

Posterior over past states

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt
<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

<latexit sha1_base64="YN1eRR5Fx+mIdDhlnZDxWTiRr3k="></latexit>

p(xt+1:H |xt, ut:H , yt:H)

<latexit sha1_base64="nx3MdCSLz6awm7C3u3aj1KpzsPA="></latexit>

L̂OoD = DKL(q||p)

intractable

Probabilistic approach to OoD
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<latexit sha1_base64="0l//pkIh0aRJwQfIW1ebiSjHXGA="></latexit>ut

<latexit sha1_base64="HvpfzBbszH9ovWMSXRKlMQc4fiM="></latexit>ut+H

<latexit sha1_base64="KIOmM4vXB2kdSL7cStVYXm9mKzU="></latexit>

Posterior over past states

<latexit sha1_base64="mAp8PK2ql7+SwfXok59zderavh4="></latexit>xt

<latexit sha1_base64="YN1eRR5Fx+mIdDhlnZDxWTiRr3k="></latexit>

p(xt+1:H |xt, ut:H , yt:H)

<latexit sha1_base64="FCoKKXo4FPcrETnM1dHpeYxojV4="></latexit>

=
HY

h=0

p(yt+h|xt+h)

likelihood dynamics model

Probabilistic approach to OoD
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<latexit sha1_base64="YN1eRR5Fx+mIdDhlnZDxWTiRr3k="></latexit>

p(xt+1:H |xt, ut:H , yt:H)

<latexit sha1_base64="FCoKKXo4FPcrETnM1dHpeYxojV4="></latexit>

=
HY

h=0

p(yt+h|xt+h)

likelihood dynamics model

<latexit sha1_base64="M+hwxlPRV6qIDOZWwUq6Ttb3rEo="></latexit>

LOoD = �Eq[log p(yt:H |xt:H)]� Eq[log p(xt:H)]�H(q)

Negative evidence lower bound (ELBO)

Probabilistic approach to OoD
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<latexit sha1_base64="KIqQmff/68Q/pV7UbEzwpFg2kxE="></latexit>

p(yt|xt) = N (xt, R)
<latexit sha1_base64="/YcVZHIYfTijeMRFrFPFP9z7OwU="></latexit>

f(xt, ut) ⇠ GP(0, k(·, ·))
Model choices:

<latexit sha1_base64="YN1eRR5Fx+mIdDhlnZDxWTiRr3k="></latexit>

p(xt+1:H |xt, ut:H , yt:H)

<latexit sha1_base64="FCoKKXo4FPcrETnM1dHpeYxojV4="></latexit>

=
HY

h=0

p(yt+h|xt+h)

likelihood dynamics model

Probabilistic approach to OoD
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Fast Online OoD

<latexit sha1_base64="3+Hc3umm0xo4D4VB4Aoud3Qy/LQ="></latexit>

f(xt, ut) =

2

64
�>
1 �1(xt, ut)

...
�>
D�D(xt, ut)

3

75

Probabilistic dynamics model

2 Construct callable transition function
<latexit sha1_base64="VPBNMWaOPjA4PSRFhelmC4Srbeo="></latexit>

f (r)(xt, ut) =

2

664

(�̂(r)
1 )>�1(xt, ut)

...

(�̂(r)
D )>�D(xt, ut)

3

775

3 Construct callable state transitions
<latexit sha1_base64="8UidbKdr7b9scs1B+Bbcdls/i0Y="></latexit>

x(r)
t+1(xt, ut) = f (r)(xt, ut) + LQ⇠

<latexit sha1_base64="ZCHpAu7YTpmQi/bPtijo0oTHmtg="></latexit>

, Q = LQL
>
Q

<latexit sha1_base64="D82pQYQFKXA/ohKSl/63RK3+b1Q="></latexit>

, ⇠ ⇠ N (0, I)

Sampling rollouts is cheap

1 Collect R samples from posterior
<latexit sha1_base64="Xlch7JSjETm6ZKtN74AelVWESfc="></latexit>

r = 1, . . . , R
<latexit sha1_base64="csQXTWYi9/xoYPPRolYMy9zV3bc="></latexit>

d = 1, . . . , D

<latexit sha1_base64="baP5fnElNvt1nlNVpCFBWiSPBy8="></latexit>

�̂(r)
d = µd + ⌃1/2

d ⇠(r) 4 Sample rollouts at cost
<latexit sha1_base64="WNK0K7TlzGVcTfuJaeXUicD8xw4="></latexit>

{x̂r

t+1, . . . , x̂
r

t+H
} ⇠ q(xt+1:H |xt, ut:H�1)

<latexit sha1_base64="L2mVgTxRdRf8WStV7nQkCCEuPw4="></latexit>

O(HD)

<latexit sha1_base64="K8kChkWNMBfQwwRKhs1zje6AgKM="></latexit>

�d ⇠ p(�d|D) = N (µd,⌃d)
<latexit sha1_base64="wMI/aN7QINY9PO6hPbz7KIp3GaU="></latexit>

�d ⇠ p(�d)
<latexit sha1_base64="xSKhjLPQQNeuGlhHTHNBYS0I7KI="></latexit>

D = {x̃t, ũt}Tt=0

Prior Training Posterior

<latexit sha1_base64="r181ADY4GliCvDylD5rJYxakJj4="></latexit>

p(�d|D) / p(D|�d)p(�d)

epistemic aleatoric
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Fast Online OoD

<latexit sha1_base64="M+hwxlPRV6qIDOZWwUq6Ttb3rEo="></latexit>

LOoD = �Eq[log p(yt:H |xt:H)]� Eq[log p(xt:H)]�H(q)

5 Monte Carlo approximation 

<latexit sha1_base64="mik2Vs9nkPLr6j0s3+mPAix1neM="></latexit>

p(xt:H) = U(xt:H)

Overall cost
<latexit sha1_base64="CVTYbOCmTPBh9u3JrMqV8Q//ReA="></latexit>

O(HRD)

c++ implementation - Eigen (x10 faster)

<latexit sha1_base64="o+9uglnN7HJfhxEOOXQeMzJpLgI="></latexit>

H(q) / 1

R

DX

d=1

RX

r=1

HX

h=1

log
⇣
�>

d
(x̂(r)

t+h
, ût+h)⌃d�d(x̂

(r)
t+h

, ût+h)
⌘

<latexit sha1_base64="u7o34NUg66+dLTQka+r9SNAuRn8="></latexit>

Eq[log p(yt:H |xt:H)] ⇡ 1

R

RX

r=1

HX

h=1

logN (yt+h|x̂r

t+h
, R)

<latexit sha1_base64="kq9+uwGusqToeyYKRyINYbD6oh8="></latexit>

const

4 Sample rollouts at cost
<latexit sha1_base64="WNK0K7TlzGVcTfuJaeXUicD8xw4="></latexit>

{x̂r

t+1, . . . , x̂
r

t+H
} ⇠ q(xt+1:H |xt, ut:H�1)

<latexit sha1_base64="L2mVgTxRdRf8WStV7nQkCCEuPw4="></latexit>

O(HD)
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Efficient long-term predictions: Karhunen-Loève expansion of GPs

<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B
<latexit sha1_base64="CFxA/eyijlB9zdWz8Lau3Dyf7Xw="></latexit>

f(x) ⇠ GP(0, k(x, x̄))

B
<latexit sha1_base64="8EQGnVY80QOPZQ/kfZoZPLSfUKU="></latexit>

k(x, x̄) =
MX

j=1

⌫j�j(x)�j(x̄)

A
<latexit sha1_base64="0VRT7YbwsaWHPptKT/K9pSaGg6Y="></latexit>

f(x) ⇠
MX

j=1

�j�j(x), �j ⇠ N (0, ⌫j)

<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="TyFa8lpnI43aKzfPaEnMK93vJXY="></latexit>

�j(x) = xj
<latexit sha1_base64="wTosYBuZ1wRzSSfjqjukIXLCY6M="></latexit>

⌫j = bj

Standard GP KL expansion

<latexit sha1_base64="/e4th05KHYo7jG7LQ1c3a/Vr51A="></latexit>

M = 1
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="/e4th05KHYo7jG7LQ1c3a/Vr51A="></latexit>

M = 1

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="3HeWYmzFNHrDzIy/65HHL2rLFgo="></latexit>

M = 2

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="8d/JscTHEsEOoWWZusD49Kmn6Yo="></latexit>

M = 4

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="U2dTdqfh2S/qDgz5kV3Ph0NZA6E="></latexit>

M = 8

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="KtGGQhXD8/1KWWfuqyVv3pNBwjc="></latexit>

M = 16

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="h5rFt/1as4cBmfLQaC0qtZdXmsE="></latexit>

M = 32

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="rl2AqIv2VCbe58YT7bB687b7VC8="></latexit>

M = 64

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs



26

<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="g/YDIBrB/n7KdlIcaYBEFsH7E9M="></latexit>

lim
M!1

E

2

64

0

@f1(x)�
MX

j=1

�j�j(x)

1

A
2
3

75 = 0

Convergence in mean-square sense

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="XpRYWDID5LY63CY9NdeoN5R03rs="></latexit>

M = 128

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="cRieNP6nmpWPLtCv2aNQpTnj7S8="></latexit>

k(x, x̄) =
1

1� bxx̄
A

B A

B
<latexit sha1_base64="tjwhwbhBXPzBkh3l/9H8yYYFg2Y="></latexit>

0 < b < 1
<latexit sha1_base64="HUCcENsFcunxHdkjv2KF90KLVCY="></latexit>

�1 < x, x̄ < 1

<latexit sha1_base64="m6sRZ7LgVagTfSe85PE2AHMVFso="></latexit>

k(x, x̄) =
MX

j=1

bjxj x̄j

<latexit sha1_base64="mz/meZEZj/0ce0REmIk/Hvo1wK0="></latexit>

f1(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="/sTLLh8b4hs+HWzWR+egFAsOZZA="></latexit>

fM (x) ⇠
MX

j=1

�jx
j , �j ⇠ N (0, bj)

<latexit sha1_base64="XpRYWDID5LY63CY9NdeoN5R03rs="></latexit>

M = 128

Features encode prior information
<latexit sha1_base64="Rz5QklNd8g0jFyGIQlQoGgLPhDA="></latexit>

�j(·) ! k(·, ·)

Model expressivity limited by <latexit sha1_base64="HAm+fR5hGDc9/3x5+F8SCb3Hqnw="></latexit>

M

Standard GP KL expansion

Efficient long-term predictions: Karhunen-Loève expansion of GPs



<latexit sha1_base64="hdbUeISiQnng10GqZxbmTf2SgQ8="></latexit>

m� = [�2I + �X�>
X ]�1�XY

<latexit sha1_base64="kqP/h/yauU6YcRie+EdzfU51Liw="></latexit>

O(M3)

<latexit sha1_base64="Q3HEtAOclKLsyMocJKT/sp6fgOQ="></latexit>

O(NM
3)

<latexit sha1_base64="8M9rlrJrVL4McYJAbOJK6l+a4l8="></latexit>

p(f |x,D) = N (m>
� �(x),�

>(x)⌃��(x))

Posterior

28

<latexit sha1_base64="CFxA/eyijlB9zdWz8Lau3Dyf7Xw="></latexit>

f(x) ⇠ GP(0, k(x, x̄))

<latexit sha1_base64="LGE1eYE/2NO71vWTo9Hknfe9ayo="></latexit>

N = 2
<latexit sha1_base64="LGE1eYE/2NO71vWTo9Hknfe9ayo="></latexit>

N = 2

<latexit sha1_base64="R2xyn7mGj0wBU7yraW4OWP7ZKpw="></latexit>

f(x) ⇠ �>�(x), �j ⇠ N (0, ⌫j)

<latexit sha1_base64="eHAwElHCH2ZTIfTXYyYeMyPjeNk="></latexit>

p(f |x,D) = N (µ(x),�2(x))
<latexit sha1_base64="C+jUPqJLfxoKE5XhRLvlMOSWx78="></latexit>

µ(x) = k(x,X)[kXX + �2I]�1Y
<latexit sha1_base64="MIyukzmMgNOvp4KFPLI6WKzWXqQ="></latexit>

O(N3)

Posterior

Useful for large datasets
<latexit sha1_base64="eIbanI3aOrYq8VezC3whPPFgBZQ="></latexit>

N � M

Efficient long-term predictions: Karhunen-Loève expansion of GPs
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<latexit sha1_base64="CFxA/eyijlB9zdWz8Lau3Dyf7Xw="></latexit>

f(x) ⇠ GP(0, k(x, x̄))
<latexit sha1_base64="R2xyn7mGj0wBU7yraW4OWP7ZKpw="></latexit>

f(x) ⇠ �>�(x), �j ⇠ N (0, ⌫j)

<latexit sha1_base64="eHAwElHCH2ZTIfTXYyYeMyPjeNk="></latexit>

p(f |x,D) = N (µ(x),�2(x))
<latexit sha1_base64="C+jUPqJLfxoKE5XhRLvlMOSWx78="></latexit>

µ(x) = k(x,X)[kXX + �2I]�1Y
<latexit sha1_base64="MIyukzmMgNOvp4KFPLI6WKzWXqQ="></latexit>

O(N3)

Posterior

<latexit sha1_base64="hdbUeISiQnng10GqZxbmTf2SgQ8="></latexit>

m� = [�2I + �X�>
X ]�1�XY

<latexit sha1_base64="kqP/h/yauU6YcRie+EdzfU51Liw="></latexit>

O(M3)

<latexit sha1_base64="Q3HEtAOclKLsyMocJKT/sp6fgOQ="></latexit>

O(NM
3)

<latexit sha1_base64="8M9rlrJrVL4McYJAbOJK6l+a4l8="></latexit>

p(f |x,D) = N (m>
� �(x),�

>(x)⌃��(x))

Posterior

Useful for large datasets
<latexit sha1_base64="eIbanI3aOrYq8VezC3whPPFgBZQ="></latexit>

N � M

Efficient long-term predictions: Karhunen-Loève expansion of GPs



30

Increase data-efficiency for learning: embedding prior info via simulator

A
<latexit sha1_base64="67+KCdVwbvjmGYl4JGsdo9/8XeM="></latexit>

f(xt, ut) ⇠
MX

j=1

�j�j(xt, ut), �j ⇠ N (mj , ⌫j)

Encodes distribution over functions

GPs: universal function approximations

Learn faster with informed features 
Result: informed GP

<latexit sha1_base64="JrYr6p6jZu4hb+I3SJM3wqAz8/o="></latexit>

�j(·)
Goal

B

<latexit sha1_base64="7q0Jlqp+Q/TH9x1UVladIUigRJw="></latexit>

k(xt, ut, x̄t, ūt) =
MX

j=1

⌫j�j(xt, ut)�j(x̄t, ūt)



<latexit sha1_base64="KxIIadydk/yB5fahJ2CBV90g1fI="></latexit>

✓ ⇠ p(✓)

<latexit sha1_base64="WpUq0VARzEnKf4UDozYg5dr1z3I="></latexit>

Simulate roll-outs
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Increase data-efficiency for learning: embedding prior info via simulator
<latexit sha1_base64="yzPMrB+o/2EaFCUoD4g8G0pOjcc="></latexit>

freal(xt, ut) ⇠
MX

j=1

�j�j(xt, ut)
D⇡ fsim(xt, ut; ✓)

<latexit sha1_base64="wIS1fJ+DXtrbCadeHH7o+pxztWc="></latexit>

�j ⇠ N (mj , ⌫j) Moment matching

1 Fourier series expansion Square integrable 

<latexit sha1_base64="PQVPsH7sHwpLFaWAstQplDAKHJs="></latexit>

MX

j=1

E[�j ]�j(xt, ut) = E✓[fsim(xt, ut; ✓)]
<latexit sha1_base64="cmObVukDBtcAYVDNMY7ET83SEx0="></latexit>

mj = S(!j) = |F [·]|
<latexit sha1_base64="HxAYQqTvPGoI5GrODop5STVCrE0="></latexit>

'j = \F [·]
<latexit sha1_base64="DSmgQgKQld8IpBmVzRs+tFOGtK4="></latexit>

!j ⇠ S(!)
<latexit sha1_base64="V6o2lRduFB59JExzKPsU6tNZK64="></latexit>

⌫j = �2S(!j)Benefits: interpretability; kernel <-> Fourier 
Caveats: Low model capacity

<latexit sha1_base64="wcJQUFvcghfN6R1SjwntHcaRL6g="></latexit>

cos(!>
j [xt;ut] + 'j)

<latexit sha1_base64="gVm2JWPMmO0T157u5WIantOrRE8="></latexit>mj



<latexit sha1_base64="KxIIadydk/yB5fahJ2CBV90g1fI="></latexit>

✓ ⇠ p(✓)

<latexit sha1_base64="WpUq0VARzEnKf4UDozYg5dr1z3I="></latexit>

Simulate roll-outs
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Increase data-efficiency for learning: embedding prior info via simulator
<latexit sha1_base64="yzPMrB+o/2EaFCUoD4g8G0pOjcc="></latexit>

freal(xt, ut) ⇠
MX

j=1

�j�j(xt, ut)
D⇡ fsim(xt, ut; ✓)

<latexit sha1_base64="wIS1fJ+DXtrbCadeHH7o+pxztWc="></latexit>

�j ⇠ N (mj , ⌫j) Moment matching

1 Fourier series expansion Square integrable 

<latexit sha1_base64="PQVPsH7sHwpLFaWAstQplDAKHJs="></latexit>

MX

j=1

E[�j ]�j(xt, ut) = E✓[fsim(xt, ut; ✓)]

[*] Tancik, M., Srinivasan, P., Mildenhall, B., Fridovich-Keil, S., Raghavan, N., Singhal, 
U., Ramamoorthi, R., Barron, J. and Ng, R., 2020. Fourier features let networks learn 
high frequency functions in low dimensional domains. NeurIPS

Benefits: High model capacity 
Caveats: Low interpretability

<latexit sha1_base64="v8wAvaOZkPDnniNPRqWE3yet7+8="></latexit>

cos(!>
j  (xt, ut) + 'j)

<latexit sha1_base64="gVm2JWPMmO0T157u5WIantOrRE8="></latexit>mj

<latexit sha1_base64="YepMoGOub+aQn9sdMwZTn/4Z/YQ="></latexit>

mj = 1/M
<latexit sha1_base64="uDimC3Nl+r4awLIPE2dzedW+Lcc="></latexit>

!j ⇠ S(!) = N (0,⌃)
<latexit sha1_base64="zwUL+htydA5dVyT4ZI0f3ea+Xys="></latexit>

'j ⇠ U(�⇡,⇡)
<latexit sha1_base64="V6o2lRduFB59JExzKPsU6tNZK64="></latexit>

⌫j = �2S(!j)

[*]
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Increase data-efficiency for learning: embedding prior info via simulator

<latexit sha1_base64="ZsVEn756Us9Z/SJ5E9YSgZzqAnQ="></latexit>x
<latexit sha1_base64="4rLMmTElsPjHh3WK+4I+k04Ipbc="></latexit>z

<latexit sha1_base64="jZvX3ffD6d/nMT0yTpxOHiJhfvI="></latexit>X<latexit sha1_base64="4GuJOs05m8sU/+Pz1Ax3KkAC3RE="></latexit>

 

<latexit sha1_base64="3LI4j78CPTVsz8YtMO7HIU7WjLA="></latexit>

M
<latexit sha1_base64="lv6xO/b5m3TDKTe6s1cBOo92KZM="></latexit>

�j(·)

<latexit sha1_base64="rgwqxVLEEd/JYwUKelnoAr0P1bw="></latexit>

f(x)

<latexit sha1_base64="5hPiV3DPN9XaZRgwdnzDll9Z0hQ="></latexit>

�j

Embedding GP layer

1 Fourier series expansion Square integrable 

<latexit sha1_base64="PQVPsH7sHwpLFaWAstQplDAKHJs="></latexit>

MX

j=1

E[�j ]�j(xt, ut) = E✓[fsim(xt, ut; ✓)]

<latexit sha1_base64="v8wAvaOZkPDnniNPRqWE3yet7+8="></latexit>

cos(!>
j  (xt, ut) + 'j)

<latexit sha1_base64="gVm2JWPMmO0T157u5WIantOrRE8="></latexit>mj

<latexit sha1_base64="YepMoGOub+aQn9sdMwZTn/4Z/YQ="></latexit>

mj = 1/M
<latexit sha1_base64="uDimC3Nl+r4awLIPE2dzedW+Lcc="></latexit>

!j ⇠ S(!) = N (0,⌃)
<latexit sha1_base64="zwUL+htydA5dVyT4ZI0f3ea+Xys="></latexit>

'j ⇠ U(�⇡,⇡)
<latexit sha1_base64="V6o2lRduFB59JExzKPsU6tNZK64="></latexit>

⌫j = �2S(!j)

[*]
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Increase data-efficiency for learning: embedding prior info via simulator

1 Fourier series expansion

<latexit sha1_base64="PQVPsH7sHwpLFaWAstQplDAKHJs="></latexit>

MX

j=1

E[�j ]�j(xt, ut) = E✓[fsim(xt, ut; ✓)]

<latexit sha1_base64="v8wAvaOZkPDnniNPRqWE3yet7+8="></latexit>

cos(!>
j  (xt, ut) + 'j)

<latexit sha1_base64="gVm2JWPMmO0T157u5WIantOrRE8="></latexit>mj

<latexit sha1_base64="YepMoGOub+aQn9sdMwZTn/4Z/YQ="></latexit>

mj = 1/M
<latexit sha1_base64="uDimC3Nl+r4awLIPE2dzedW+Lcc="></latexit>

!j ⇠ S(!) = N (0,⌃)
<latexit sha1_base64="zwUL+htydA5dVyT4ZI0f3ea+Xys="></latexit>

'j ⇠ U(�⇡,⇡)
<latexit sha1_base64="V6o2lRduFB59JExzKPsU6tNZK64="></latexit>

⌫j = �2S(!j)

2 Moment matching:

<latexit sha1_base64="hrq2vKP5OwWUd/+UHWR1y1WBd3c="></latexit>

1

RT

RX

r=1

TX

t=1

L(x̂(r)
t , û(r)

t )Monte Carlo:

<latexit sha1_base64="ywAGV0NyIDI5BxCWGwi9LBNXNkU="></latexit>

 ⇤ = argmin
 

Z

(xt,ut)2X⇥U
||E✓fsim(xt, ut)�

X

j

mj�j(xt, ut)||+

�||Var✓fsim(xt, ut)�
X

j

⌫j�
2
j (xt, ut)||d⇢(xt, ut)
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Increase data-efficiency for learning: embedding prior info via simulator

<latexit sha1_base64="wIS1fJ+DXtrbCadeHH7o+pxztWc="></latexit>

�j ⇠ N (mj , ⌫j)

<latexit sha1_base64="Se/8I4stBGlQ/zgqLbvzHD1+ggo="></latexit>

freal(xt, ut) ⇠
MX

j=1

�j cos(!
>
j  ⇤(xt, ut) + 'j)

B

A

<latexit sha1_base64="m/3YYSrlu56wA1AYvd4+TgEaoDM="></latexit>

k(xt, ut, x̄t, ūt) =
MX

j=1

⌫j cos(!
>
j  ⇤(xt, ut) + 'j) cos(!

>
j  ⇤(x̄t, ūt) + 'j)



36

Increase data-efficiency for learning: toy example

<latexit sha1_base64="PmQHQ1ADvq4cldX9q02FeobcgmI="></latexit>

, ✓ ⇠ U(�1, 1)

<latexit sha1_base64="gbxXDqavZ+QGGNExRafndB2QXbg="></latexit>

fsim(xt; ✓) = ✓x2
t

<latexit sha1_base64="6v+rBb7Aic18qReS/L+U4Rft8KQ="></latexit>

MX

j=1

�j�j(xt)
D⇡ fsim(xt; ✓)

Moment matching
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Increase data-efficiency for learning: toy example
<latexit sha1_base64="gbxXDqavZ+QGGNExRafndB2QXbg="></latexit>

fsim(xt; ✓) = ✓x2
t

<latexit sha1_base64="6v+rBb7Aic18qReS/L+U4Rft8KQ="></latexit>

MX

j=1

�j�j(xt)
D⇡ fsim(xt; ✓) Stiff model 

Hypothesis space very reduced

Informed prior High-entropy prior

<latexit sha1_base64="PmQHQ1ADvq4cldX9q02FeobcgmI="></latexit>

, ✓ ⇠ U(�1, 1)



State

Commands

VICON

Estimated

38

Model training: preliminary results
Goals

1) Validate predictive capabilities of the informed GPSSM 
2) Validate the OoD detection



Robot 
Interface

c++world

Robot

Vicon

Robot 
State Creation

Control Task

Data 
Collection

ROS node

ROS node
ROS node

ROS node

Python

highState.msg Go1State.msg highCmd.msg

highCmd.msg

/vicon/go1/go1

.pickle file

• Follow velocity profile 
• Walk to random goal

/high_cmd_to_robot

/high_state_from_robot /experiments_gpssm_ood/robot_state

DataCollection.msg
• Trigger with Start/Stop

/experiments_gpssm_ood/data_collection_triggers

• Connect via UDP 
• Read state from sensors 

and publish them 
• Send commands 

collected from 
subscribers

100 Hz

500 Hz

500 Hz

100 Hz

500 Hz
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Model training: preliminary results State

Commands

VICON

Estimated
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Model training: preliminary results State

Commands

VICON

Estimated
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Model training: preliminary results State

Commands

VICON

Estimated
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Model training: preliminary results

Training/TestingTraining Training Training

Data snapshots: 100 Hz 

Subsampled at 10 Hz 



44

Model training: preliminary results

Prediction horizon

<latexit sha1_base64="WNK0K7TlzGVcTfuJaeXUicD8xw4="></latexit>

{x̂r

t+1, . . . , x̂
r

t+H
} ⇠ q(xt+1:H |xt, ut:H�1)

<latexit sha1_base64="8UidbKdr7b9scs1B+Bbcdls/i0Y="></latexit>

x(r)
t+1(xt, ut) = f (r)(xt, ut) + LQ⇠

Sampling using pre-constructed callable
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Do simulation-informed kernels really help to learn faster?

Dataset: real trajectories

10%Testing

Training data for 
informed kernel

1%

25%

50%

75%

100%

Model training: preliminary results
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Collect data on flat terrain
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Test OoD: Rope pulling
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Test OoD: Rocky terrain
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Test OoD: Poking
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Informed
Not informed

Do simulation-informed kernels help for more accurate OoD detection?

Conclusions

Novel prediction-based OoD detection method based on GPSSMs 

System-agnostic framework for embedding prior information into the GP kernel 

Sample-efficient medium/long-term predictive model, scalable to higher dimensions 

Code accessible soon

Future work 
Use OoD detection for decision-making on-the-fly 
Integrate state-predictions with stochastic MPC for indoors navigation 
Integrate non-Gaussian observations, e.g., on-board vision and lidar 
OoD metric is delayed H steps


